Unique intensity features arising from dynamical diffraction arise in coherent x-ray nanobeam diffraction patterns of crystals having thicknesses larger than the x-ray extinction depth or exhibiting combinations of nanoscale and mesoscale features. We demonstrate that dynamical scattering effects can be accurately predicted using an optical model combined with the Darwin theory of dynamical x-ray diffraction. The model includes the highly divergent coherent x-ray nanobeams produced by Fresnel zone plate focusing optics and accounts for primary extinction, multiple scattering, and absorption. The simulation accurately reproduces the dynamical scattering features of experimental diffraction patterns acquired from a GaAs/AlGaAs epitaxial heterostructure on a GaAs (001) substrate.
Synchrotron radiation light sources and x-ray free electron lasers produce bright coherent xray nanobeams that enable the implementation of coherent x-ray diffraction imaging (CXDI) techniques allowing the three-dimensional (3D) visualization of strain and other crystallographic features [1] [2] [3] [4] [5] . In CXDI and Bragg ptychography [6, 7] , the formation of real-space images that contain the lattice displacement relies on the use of the forward and inverse Fourier transform in iterative algorithms under the kinematical approximation [8] . The kinematical approximation is valid for small crystals, in which primary extinction, multiple scattering, and photoelectric absorption can be neglected [9, 10] . In larger crystalline systems such as multilayer oxide heterostructures, far-from-surface optically active defects in quantum materials, strain-engineered semiconductors, and epitaxial bandgap-engineered quantum wells and quantum dot structures, however, the kinematical theory does not allow neither the visualization of strain through phase retrieval nor the quantitative prediction of x-ray diffraction patterns. Removing this limitation is a key step to quantitatively image strain through phase retrieval techniques. We report the observation of dynamical effects in nanobeam diffraction and the development of a simulation method that employs the dynamical theory of x-ray diffraction combined with a wave-optics model. The consideration of dynamical diffraction effects allows nanobeam diffraction to be extended into a new regime, including systems consisting of crystals or sublayers of crystals that have sizes exceeding the x-ray extinction depth (i.e. at the micron scale for hard x-rays) or when nanoscale features are formed on bulk single-crystal surfaces. A comparison with coherent x-ray nanobeam diffraction experiments illustrates that dynamical effects in the nanobeam diffraction patterns of GaAs heterostructures can be accurately described and reproduced by this optical simulation approach. The results expand the applicability of nanobeam diffraction methods to complex layered crystals and point to further directions in accounting for dynamical effects in 3 coherent diffraction simulations in x-ray coherent diffraction imaging and ptychography.
A straightforward comparison of dynamical and kinematical diffraction demonstrates the importance of dynamical effects in x-ray nanobeam and coherent diffraction studies of nanoscale crystals. Recently, CXDI studies of nanoparticles with sizes approaching or greater than the x-ray extinction depth show how dynamical diffraction effects corrupt the reconstructed images from phase retrieval algorithms [11] . The conditions under which dynamical diffraction artifacts can be neglected in the case of finite size nanoparticles and the impact of using datasets generated from different theoretical models on the final reconstructed images have been quantified [12] . Fig. 1 shows two examples that illustrate the bounds of the applicability of coherent diffraction simulations presently underpinned by the kinematical approximation. 3 GaAs unit cells [9] . Fig. 1(a) shows the full-width at half-maximum (FWHM) angular widths predicted using the kinematical approximation lattice sum and the Darwin dynamical theory [13, 14] . The results of both methods are equivalent in the small-thickness regime. For crystals with thicknesses greater than the x-ray extinction depth, however, the angular width predicted by the kinematical theory differs significantly from the more accurate dynamical theory. The dynamical FWHM saturates at a value a factor of 1.14 larger than the Darwin width for thick crystals, resulting from the different definitions of the Darwin and FWHM widths. The kinematical theory, in comparison, predicts a decrease in the angular width without a lower bound. Fig. 1(b) shows the normalized kinematical and dynamical theory peak intensity reflectivity. The kinematical theory predicts a non-physical divergence of the diffracted intensity from thick crystals, exceeding unity, and not matching the saturation predicted by the dynamical theory [10, 15] . These straightforward effects illustrate the need to consider dynamical diffraction in systems with crystal sizes greater than approximately 500 nm. Figure 2 illustrates the key differences between diffracted patterns predicted using the kinematical and dynamical theories. Figures 2(a) and (b) show the predicted x-ray intensity of the 004 Bragg reflection using the same structural parameters for the quantum well heterostructure, employing the kinematical and dynamical approaches with a plane-wave incident beam. The kinematical theory predicts a non-physically high intensity for the substrate peak, does not account for the shift in reflections due to refraction, and does not correctly include the interference of the substrate reflection with diffraction from the thin film. In addition, the high-frequency oscillations originating from the substrate thickness are never observed in reality due to the high absorption away from the region of total reflectivity. The dynamical theory prediction shown in Figure 2 Nanobeam dynamical diffraction experiments were conducted at the Hard X-ray Nanoprobe at the Advanced Photon Source, using the x-ray focusing optics and scattering geometry shown in is set in a horizontal scattering geometry, making the x-ray electric field nearly parallel to the scattering plane. The incident beam is thus considered to be p-polarized in the simulation. The effective angle of incidence q is defined as the angle between the surface of the sample and the center of the focused x-ray beam, as depicted in Fig. 3(b) .
The diffracted beam intensity was recorded using a pixel-array detector (Pixirad-1, PIXIRAD Imaging Counters s.r.l.) located 0.9 m from the sample. The two-dimensional diffraction pattern is spanned by angles 2q and c, defined as the angle lying on the horizontal plane, and the direction normal to the beam footprint direction, respectively. The detector pixels are arranged hexagonally with pixel centers spaced by 52 µm and 60 µm along the directions spanned by the angles 2q and c, respectively [18] . The analysis below treats the grid of pixels as rectangular and neglects the offset in 2q between centers of rows displaced by a single pixel along c. The acquisition times for each diffraction pattern ranged from 0.2 to 0.5 sec, depending on the selection of the filters that were used to attenuate the incident beam to avoid saturating the detector with the bright GaAs 004 substrate reflection.
A nanobeam diffraction pattern obtained at the nominal Bragg angle for the GaAs 004 reflection is shown in Fig. 4(a) . The angular divergence introduced by the FZP results in a wide angular distribution of intensity in the diffraction pattern. The bright sharp vertical line of x-ray intensity in the center of the diffraction pattern arises from diffraction from the 450 µm-thick GaAs substrate and cannot be reproduced by the kinematical theory. This sharp intensity feature is a key illustration of the importance of incorporating dynamical diffraction effects into coherent x-ray nanobeam diffraction models. Other features and dynamical effects are discussed in detail below.
The nanobeam dynamical diffraction simulation consists of propagating the x-ray wavefield 7 through focusing optics, to the sample, and a combined description of the diffraction from the sample. The x-ray wavefield at the focus was calculated using an optical simulation method in which the x-ray wavefield incident on the FZP is assumed to be a monochromatic plane wave [19] .
The FZP imprints a phase on the incident wavefront and the CS and OSA are implemented in this approach as objects with complex dielectric constants, largely serving to attenuate unfocused radiation and radiation focused to higher orders of foci [19, 20] . CXDI and ptychography
techniques cannot yet be used to retrieve the focal spot intensity and phase in closely latticematched epitaxial heterostructures or materials systems incorporating large crystals and we have thus used a more idealized optical description of the focused beam.
The calculation of the dynamical reflectivity of the heterostructure includes multiple layers with different compositions and lattice parameters [14] . The method reported in Ref. [14] considers the case of a perfectly collimated plane wave, incident at a single angle of incidence qi. 
Here g is the amplitude reflectivity of a single unit cell, g0 is the amplitude of the forward-scattered wavefield from a single unit cell, f= 2π λ a sin θ is the phase shift of the forward-scattered wavefield resulting from propagation through a single-unit-cell thickness, λ is the x-ray wavelength, and a is the lattice parameter. The dependence of the structure factor on the composition of each layer is included in g and g0 [9, 14] , which also depend on the layer index k. The values of g and g0 are
given by [21] :
and
Here, re is the classical electron radius, M is the number of unit cells per unit area, and Ϝ(θ) is the unit-cell structure factor, which depends on the composition of the unit cell for which it is computed. Equations (2a) and (2b) include the polarization factor cos 2θ ( to account for the p- 
MϜ(θ ( ).
The factors g and g0 are complex, thus, allowing absorption effects to be included. Note that the dynamical reflectivity is a unitless complex-valued quantity with a magnitude equal to, or less than one.
The dynamical reflectivity from the thin-film heterostructure is calculated recursively, using the known reflectivity of the substrate to initialize the calculation in Eq. (1). The substrate reflectivity r0 is given by the Darwin-Prins reflectivity [10] . Alternatively, initializing the calculation with r0=0, would correspond to the case in which there is no contribution from the substrate. The simulation method can further be extended to include strained epitaxial layers or the effects of strain gradients by varying the lattice parameters used in the simulation.
The dynamical reflectivity was evaluated at a series of values of Qz, spanning the range of incident wavevectors in the x-ray wavefield at the focal spot [13] . In discretized form, the focused x-ray wavefield is a complex-valued two-dimensional matrix with values assigned at every realspace pixel of the focal plane. The reciprocal space range of wavevectors composing the incident wavefield was determined by computing the two-dimensional discrete Fourier transform of the focused-beam wavefield. The diffracted intensity at the detector plane was obtained by calculating the absolute square of the element-wise product of the focused beam propagated to the far-field 9 with the dynamical reflectivity at the corresponding wavevector. The diffracted intensity is expressed in the coordinate frame of the detector using the angular transformation given in Ref.
[13].
A Fig. 4 (a) correspond to thickness fringes from the three thin layers. The maximum intensity of these fringes is three to four orders of magnitude lower than the peak intensity of the substrate reflection and is lower at angles far from the substrate reflection. The fringes with highest contrast have angular spacing d2q = 0.033°, corresponding to a thickness t=114 nm, obtained using t=l/(2 cosq d2q) [22] , in agreement with the value of 115 nm employed in the simulation. Each of these fringes is also split due to interference between the two AlGaAs layers. The signal of the quantum well layer cannot be observed as a readily separate intensity maximum in the diffraction pattern because of the small lattice-mismatch. Fig. 4(a) because the strong peak and tails of the scattering from the GaAs substrate would be incorrectly described in the kinematical approximation.
The intensity distributions in simulated and experimental diffraction patterns are compared for a wide range of x-ray incident angles q in Several differences between simulation and experiment in Fig. 5 arise from the difference between the idealized description of the x-ray source and focusing optics in the modeling and the more complex situation in the experiment. Concentric intensity appearing in the experimental diffraction pattern are due to artifacts in the FZP fabrication, which have been previously visualized using x-ray ptychography and electron microscopy [23, 24] . In addition, the zonedoubling technique used to fabricate the hard x-ray optic capable of focusing hard x-ray beams to an intensity FWHM of tens of nm consists of lithographically overlaying complex engineered structures with smallest feature size of approximately 50 nm, sometimes resulting in the observation of wavefront aberrations that would not be present in an idealized optic with 20 nm outermost zones [24] . In our experimental case this resulted in a small halo visible around the principal cone of the optic which is not comparable to the main intensity pattern except on the sensitive logarithmic scale employed for imaging and does not impact our results. Finally, the finite energy bandwidth of the Si (111) monochromator causes the experimentally measured width of the substrate reflection to exceed the predicted dynamical diffraction Darwin width. The angular Darwin width of the GaAs 004 reflection is given by 2g/mp tan q =1.6 mdeg where m=4 and g is given by Eq. (2a) [9] . The energy bandwidth of the photon energy E of the incident x-ray beam focused x-ray beam is DE/E=1.3´10 -4 , which gives rise to an angular difference of 3.5 mdeg between diffracted beams excited by different photon energies. The experimentally observed angular width is approximately two pixels, corresponding to 6 mdeg, consistent with the expected 12 broadening due to the energy bandwidth of the monochromator.
By including dynamical diffraction effects in x-ray nanobeam diffraction it is possible to predict and numerically reproduce the diffraction patterns from arbitrary heterostructures consisting of thin layers epitaxially grown on thick single-crystal substrates. Beyond the GaAs/AlGaAs heterostructure described here, dynamical scattering simulation methods have the potential to extend the capabilities of CXDI methods. Dynamical effects will be particularly important in CXDI studies of crystals with thicknesses larger than the x-ray extinction depth and in systems combining large crystals with nanoscale features. In such cases, artifacts appear in the retrieved amplitude and phase of CXDI reconstructions due to primary extinction, refraction, and absorption and the artifacts can be treated by applying corrections to the retrieved image based on the Takagi-Taupin equations [11, 12] . It has not yet been possible, however, to incorporate dynamical diffraction effects directly in a phase-retrieval algorithm to account for primary extinction, multiple scattering, refraction, and absorption. The approach described here represents a step towards the solution of the phase problem if a dynamical simulation can be introduced within an optimization algorithm for phase-retrieval. Integrating dynamical diffraction with nanobeam diffraction, CXDI, and Bragg ptychography has the potential to allow the visualization of strain and defects relevant to key scientific problems in electronics, magnetic materials, and materials for energy applications.
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